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Introduction. BEURLING's [1], generalised integers are defined as 
follows. Suppose there is given a finite or infinite sequence {p} of real 
numbers (generalised primes) such that l <p1 <p2< .... Form the set {l} 
of all possible p-products, i.e., products p 1v1 p2v2 ... where VI. v2, ... are 
integers ;;;;. 0 of which all but a finite number are 0. Call these numbers 
generalised integers and suppose that no two generalised integers are 
equal if the v's are different. Then arrange {l} as an increasing sequence: 
l=h<l2< .... 
J. PoPKEN, [2], has defined the convolution of two arithmetical 
functions f(n) and g(n) as ~ f(d)g(~) and denoted it by f(n) * g(n). 
d6=n 
In this note, a calculus of convolutions for generalised integers, similar 
to that of Popken for natural numbers, is developed, and used in a 
following paper to deduce Selberg's inequality for generalised integers. 
The Convolution for Generalised Integers. Let l be a generalised integer 
and put 
h(l) = f(l) * g(l) = ~ f(d) g(~). (d and ~ E {l} ). 
d6=! 
Then the convolution f(l) * g(l} is commutative, associative and the 
convolution of two multiplicative functions is again multiplicative. 
Now define the following functions: 
E(l) = l for all l, 
{ lifl=l 
e(l) = 0 if l*l, 
{ log p if l=pk A(l)= 0 otherwise. 
(k= l, 2, ... ) 
The Mobius function fl(l) for generalised integers is defined by #(l) = 0 
if l has a square factor; !-'(l) = (- l )k, where k denotes the number of 
generalised prime divisors of l and l has no square factor; !-'( l) = l. Then 
as shown in [3] 
{ lifl=l ~#(d)= 0 if l*l. 
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This may now be written 
(1) E(l) * ft(l) = e(l). 
Also, 
(2) E(l) * A(l) =log l. 
Let [x] denote the number of generalised integers < the real number x. 
We call the function f(l) (log l)k the kth derivative of f(l) for k= 0, 1, 2, ... 
and f(l) an arbitrary arithmetic function. Equation (2) becomes 
(3) E(l) * A(l) = E' (l). 
Again the convolution equation h(l) = f(l) * g(l) uniquely defines f(l) when 
h(l) and g(l) are given and we may write f(l) as the 'fraction' :~~~. 
With this notation it will be found that the cancellation rule for fractions 
and the usual rules of elementary calculus for the differentiation of a 
( h(l)) product (f(l) * g(l)) and a quotient g(l) apply. 
Applications of the Calculus of Convolutions. To deduce Selberg's 
inequality the following results are needed. 
Theorems. 
(4) 2 ft(d) [aJ = 1, 
d<x 
(5) 
(6) 
(7) d~x [a] ft(d) (logaY 
=(logx)2+2logx 2 logp- 2 k(logp)2+ 2 logplogq, 
Pk<x Pk<x pkqs::;;;_;x 
where d, b, r, s, and ln are generalised integers; p and q are generalised 
primes and x is a real number. 
Proof of Theorem 4. We first need the following formula: 
(8) 2 f(ln) * g(ln) = 2 f(d) g( b)= 2 f(d) 2 g( b). 
ln<x d6<re d:s;;;;x tP(x/d 
Putting g(ln) = E(ln) we obtain 
(9) 1n~x f(ln) * E(ln) = d~x f(d) [a]. 
Putting f(ln)=ft(ln) in (9) and using (1) gives Theorem 4. 
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Proof of Theorem 5. 
and so 
from (1) and (8). This proves Theorem 5. 
Proof of Theorem 6. From (1), E(l)=t-t(l) * E(l) * E(l). Hence 
= L t-t(d) L E(o) * E(o) from (8) 
d~x d 6~x/d 0 0 
= L fl~d) L 2._ again from (8). 
d~x rs~x/d rs 
This proves Theorem 6. 
Proof of Theorem 7. 
Define ?fJk(l) = t-t(l)(log l)k * E(l), (k = 0, 1, 2). 
Then a~ x [i] t-t(d) (log i) 2 
= L fl(ln) (log r) 2 * E(ln) from (9) 
ln<x n 
= L (?fJo(ln) (log x)2- 21pl(ln) log x + 1fJ2(ln)). 
ln~X 
However 
1po(ln) = fl{ln) * E(ln) = e(ln), from ( 1) 
( e(ln) )' - E' (ln) 1pl(ln) =t-t'(ln) * E(ln) = E(ln) * E(ln) = E(ln) 
= -A(ln), 
( -A(ln))' 1p2(ln) = t-t"(ln) * E(ln) = E(ln) * E(ln) 
=- A'(ln) + A(ln) * A(ln)· 
Hence 
! 1po(ln) (log x)2 =(log x)2. 
ln:s:;;;;x 
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And 
I A(ln)= I log p 
ln~X pk::s;x 
k~l 
I A'(ln) = I k(log p)2 
ln~X Pk~x 
k~l 
I A(ln) * A(ln) = I log p log q. 
~<x ~~<x 
k~I.s>I 
We therefore have 
=(logx)2+2logx I logp- I k(logp)2+ 
This proves Theorem 7. 
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